General proof of the entropy principle for self-gravitating fluid in
  static spacetimes by Fang, Xiongjun & Gao, Sijie
ar
X
iv
:1
31
1.
68
99
v3
  [
gr
-q
c] 
 13
 A
ug
 20
14
General proof of the entropy principle for
self-gravitating fluid in static spacetimes
Xiongjun Fang∗, Sijie Gao†
Department of Physics, Beijing Normal University,
Beijing 100875, China
October 18, 2018
Abstract
We show that for any perfect fluid in a static spacetime, if the
Einstein constraint equation is satisfied and the temperature of the
fluid obeys Tolman’s law, then the other components of Einstein’s
equation are implied by the assumption that the total entropy of the
fluid achieves an extremum for fixed total particle number and for all
variations of metric with certain boundary conditions. Conversely,
one can show that the extrema of the total entropy of the fluid are
implied by Einstein’s equation. Compared to previous works on this
issue, we do not require spherical symmetry for the spacetime. Our
results suggest a general and solid connection between thermody-
namics and general relativity.
PACS number(s): 04.20.Cv, 04.20.Fy, 04.40.Nr
1 Introduction
The mathematical analogy between laws of black physics and the ordinary
laws of thermodynamics leads to the discovery of black hole thermodynam-
ics [1]-[3]. In the past four decades, black hole thermodynamics has become
an important and fascinating subject in general relativity and other the-
ories of gravity[4]-[7]. A related but different issue is to the study of the
thermodynamics of ordinary matter in curved spacetime, without the pres-
ence of black hole. In contrast to the mystic origin of black hole entropy,
local thermodynamic quantities of matter in curved spacetime, like entropy
density s, energy density ρ, local temperature T , are well defined. Gravity
only affects the distribution of these quantities. There are two apparently
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independent ways to determine the distribution of matter. From the ther-
modynamic point of view, the fluid should be configured such that its total
entropy attains a maximum value. From the gravitational point of view,
the distribution of matter must obey Einstein’s field equation. Since en-
tropy plays no role in Einstein’s equation, there is no guarantee that the
two ways should give rise to the same result. However, an early work by
Sorkin, Wald and Zhang [8] showed that if the total entropy of a spherical
radiation is an extremum and the Einstein constraint equation holds, then
the Tolman-Oppenheimer-Volkoff (TOV) equation of hydrostatic equilib-
rium can be derived, which was originally derived from Einstein’s equation.
Recently, Gao [9] extended SWZ’s proof from radiation to a general perfect
fluid. This issue has been further explored in the past year [10]-[14].
The above works reveal a certain relationship between thermodynamics
and gravity. But all these results only apply to spherically symmetric
spacetimes. It is unclear whether the entropy principle is consistent with
general relativity beyond spherical symmetry. In this paper, we propose
and prove two theorems, showing that, under a few natural conditions, the
extrema of total entropy is equivalent to Einstein’s equation in any static
spacetime. A static spacetime admits a timelike Killing vector field which
is hypersurface orthogonal. Our proof only involves general properties of
spacetime geometry and thermodynamics for ordinary fluid.
It is worth noting that recently a very comprehensive discussion on
the equivalence of thermodynamic equilibrium and Einstein’s equation was
provided by Green, Schiffrin and Wald [15]. Although some of the results
in [15] appear to be similar to ours, there are considerable differences in
both assumptions and arguments. For instance, a crucial assumption in
[15] is that the spacetime be asymptotically flat, while our theorems apply
to any spacetime region, imposing no global conditions on the spacetime.
On the other hand, the static condition in our argument is replaced by the
more general stationary condition in [15].
2 Properties of perfect fluid in static space-
times
We consider a general perfect fluid as discussed in [9]. The entropy density
s is taken to be a function of the energy density ρ and particle number
density n, i.e., s = s(ρ, n). From the first law of thermodynamics, one can
derive the integrated form of the Gibbs-Duhem relation,
s =
1
T
(ρ+ p− µn) , (1)
where p and µ represent the pressure and chemical potential, respectively.
All the quantities are measured by static observers with four-velocity ua.
These observers are orthogonal to the hypersurface Σ. Therefore, the in-
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duced metric on Σ is given by
hab = gab + uaub . (2)
The stress-energy tensor Tab for perfect fluid takes the form
Tab = ρuaub + phab . (3)
We shall assume that Tolman’s law holds, which states that the local
temperature T of the fluid satisfies
Tχ = T0 , (4)
where χ is the redshift factor for static observers and T0 is a constant.
This law establishes the relationship between the fluid temperature to the
metric, which was also used in [15]. Now we show that another similar
relation for chemical potential µ is implied by the Tolman law.
It is straightforward to show, from the conservation law ∇aT ab = 0 and
stationary conditions, that
∇ap = −(ρ+ p)Aa , (5)
where Aa is the four-acceleration of the observer. Since
ua =
ξa
χ
, (6)
where ξa is the Killing vector and χ is the redshift factor, one can show
that
Aa = ∇aχ/χ . (7)
and thus
∇ap = −(ρ+ p)∇aχ/χ . (8)
On the other hand, the local first law can also be expressed in the form
[9]
dp = sdT + ndµ (9)
Comparing Eqs. (8) and (9), and using Eqs. (4) and (1), we find
∇aµ
µ
= −∇aχ
χ
(10)
which leads to
µχ = const. (11)
Thus, from the Tolman’s law and local thermodynamic laws for perfect
fluid, we derive the constancy of the redshifited chemical potential. This
also yields
µ
T
= const. (12)
This relation will be used later.
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3 Two theorems
In this section, we present two theorems on the relationship between the
extrema of total entropy of fluid and static solutions to Einstein’s equation.
Theorem 1 Consider a perfect fluid in a static spacetime (M, gab) and
Σ is a three dimensional hypersurface denoting a moment of the static
observers. Let C be a region on Σ with boundary C¯. Assume that the
temperature of the fluid obeys Tolman’s law and the Einstein constraint
equation is satisfied in C. Then the other components of Einstein’s equation
are implied by the extrema of the total fluid entropy for fixed particle number
and for all variations where hab and its first derivatives are fixed on C¯.
Proof. The total entropy S is an integral of the entropy density s over
the region C on Σ
S =
∫
C
√
hs(ρ, n) , (13)
where h is the determinant of hab in any coordinates of Σ. Without loss
of generality, we can fix the coordinates on Σ for all variations. Thus, the
variation of total entropy is written in the form
δS =
∫
C
sδ
√
h+
√
hδs . (14)
Applying the local first law of thermodynamics,
Tds = dρ− µdn , (15)
we find
δS =
∫
C
sδ
√
h+
√
h
(
∂s
∂ρ
δρ+
∂s
∂n
δn
)
=
∫
C
sδ
√
h+
√
h
(
1
T
δρ− µ
T
δn
)
. (16)
The total number of particle N is the integral
N =
∫
C
√
h n , (17)
which yields the variation
δN =
∫
C
√
hδn+ nδ
√
h . (18)
Therefore, the constraint δN = 0 is equivalent to∫
C
√
hδn = −
∫
C
nδ
√
h . (19)
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With this constraint as well as Eq. (12), Eq. (16) can be written as
δS =
∫
C
(
s+
nµ
T
)
δ
√
h+
√
h
1
T
δρ
=
∫
C
ρ+ p
T
δ
√
h+
√
h
1
T
δρ . (20)
Using [16]
δ
√
h =
1
2
√
hhabδhab , (21)
we obtain
δS =
∫
C
δL , (22)
where
δL =
1
2
ρ+ p
T
√
hhabδhab +
√
h
1
T
δρ . (23)
Our purpose is to derive δL = 0 from Einstein’s equation. First note
that the extrinsic curvature of Σ is defined by
Bˆab ≡ hcahdb∇duc , (24)
where ∇a is the derivative operator associated with gab, satisfying ∇agbc =
0. It is then straightforward to show
Bˆab = ∇bua +Aaub , (25)
where Aa is the four-acceleration of the observer. Since
ua =
ξa
χ
, (26)
thus
∇bua = 1
χ
∇bξa − uaAb , (27)
which leads to
Bˆ(ab) = 0 , (28)
where B(ab) is the symmetrization of Bab. The antisymmetrization of Bab
also vanishes due to the fact that ua is hypersurface orthogonal[16]. Con-
sequently, Bˆab = 0 and
∇bua = −Aaub . (29)
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This formula will be very helpful in the later calculation.
One can show that the curvature R
(3)
abc
d of Σ is related to the spacetime
curvature Rabc
d by
R
(3)
abc
d = hfah
g
bh
k
ch
d
jRfgk
j . (30)
Note that there would be Bˆab terms on the right-hand side if the spacetime
were not static[16].
It is not difficult to find that
R
(3)
ab = Rab +Raeb
lueul +Rfbu
fua + u
kubRak + uaubRfku
fuk , (31)
and
R(3) = R+ 2Rabu
aub . (32)
To calculate δρ, we start with constraint Einstein’s equation
Gabu
aub = 8piTabu
aub , (33)
where the stress-energy tensor Tab for perfect fluid has been given in Eq.
(3). Thus
ρ =
1
8pi
Gabu
aub . (34)
Together with Eqs. (31) and (32), we obtain [17]
ρ =
1
16pi
R(3) . (35)
This tells us that the variation of ρ is actually determined by the geometry
of Σ. Denote the last term in Eq. (23) by δL1, which then gives
δL1 =
1
16piT
√
hδR(3) =
√
h
1
16piT
(
habδR
(3)
ab +R
(3)
ab δh
ab
)
. (36)
Denote the first term on the right-hand side by δL′1, i.e.,
δL′1 =
√
h
1
16piT
habδR
(3)
ab . (37)
The standard calculation yields (see e.g., [16])
δL′1 =
√
h
1
16piT
Dava , (38)
where
va = D
bδhab − hbcDaδhbc , (39)
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and Da is the derivative operator on Σ associated with hab. To get δhab as
a common factor, we perform integration by parts and find
δL′1 =
√
h
1
16pi
Da(va/T )−
√
h
1
16pi
vaD
a(1/T ) . (40)
According to the assumption of Theorem 1, the metric and its first
derivatives are fixed on C¯. So we may get rid of the boundary term and
obtain
δL′1 = −
1
16pi
√
hvaD
a(1/T )
= − 1
16pi
√
hDb (δhab)D
a(T−1) +
1
16pi
√
hhbcDa (δhbc)D
a(T−1)
. (41)
Using integration by parts again and dropping the boundary terms, we
have
δL′1 =
1
16pi
√
hDbDa(T−1)δhab − 1
16pi
√
hhabDcD
c(T−1)δhab . (42)
Now δL′1 is linear in δhab, as desired.
Without loss of generality, we take T0 = 1 in Eq. (4) and Eq. (42)
becomes
δL′1 =
1
16pi
√
hDbDaχδhab − 1
16pi
√
hhabDcD
cχδhab . (43)
Note that
Daχ = χAa (44)
Thus,
DbDaχ = AaDbχ+ χDbAa = χAaAb + χDbAa . (45)
and
habDcD
cχ = hab(χA
cAc + χDcA
c) (46)
So
δL′1 =
1
16piT
√
hMab1 δhab , (47)
where
Mab1 = A
aAb +DbAa − hab(AcAc +DcAc) . (48)
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We calculate
DcA
c = hcfh
e
c∇eAf
= ∇cAc + ueuf∇eAf
= ∇cAc + ueuf∇e(ub∇buf)
= ∇cAc + ue∇e(ufub∇buf)− ue(∇euf )(ub∇buf)
= ∇cAc −AcAc , (49)
and Eq. (48) can be rewritten as
Mab1 = A
aAb +DbAa − hab∇cAc . (50)
Substituting these results into Eq. (23) yields
δL =
1
2
ρ+ p
T
√
hhabδhab +
√
h
1
16piT
(
−R(3)abδhab +Mab1 δhab
)
=
√
h
T
(
ρ+ p
2
hab − 1
16pi
R(3)ab +
1
16pi
Mab1
)
δhab . (51)
This shows explicitly that δS is determined by the variation of hab. Since
δS = 0 by the assumption of Theorem 1, we have
ρ+ p
2
hab − 1
16pi
R(3)ab +
1
16pi
(
AaAb +DbAa − hab∇cAc
)
= 0 (52)
So
8piphab = R(3)ab −AaAb −DbAa + hab∇cAc − 8piρhab (53)
Substitution of Eqs. (31),(32) and (35) yields
8piphab = hachbdRcd + h
achbdRced
lueul −AaAb −DbAa
+ hab∇cAc −
1
2
Rhab −Rcducudhab
= hachbdRcd − 1
2
Rhab − P ab1 − P ab2 (54)
where
P ab1 = h
abRcdu
cud − hab(∇cAc) (55)
P ab2 = −hachbdRcedlueul +AaAb +DbAa . (56)
Now we show that P ab1 and P
ab
2 vanish respectively. We first calculate
∇cAc = ∇c(ub∇buc)
= (∇cub)∇buc + ub∇c∇buc . (57)
Note that
∇c∇bud −∇b∇cud = −Rcbedue . (58)
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Hence,
∇cAc = (∇cub)∇buc + ub∇b∇cuc +Rbeubue . (59)
Then Eq. (55) can be written in the form
P ab1 = h
ab
[−(∇cud)∇duc − ud∇d∇cuc] . (60)
Since ua = ξa/χ where ξa is the Killing vector field, we have
∇cuc = 0 . (61)
So
P ab1 = h
ab
[−(∇cub)∇buc] . (62)
By Eq. (29), we find immediately
P ab1 = 0 . (63)
To deal with the first term on the right-hand side of Eq. (56), we start
from
Rcedlu
eul = ue∇c∇eud − ue∇e∇cud
= ∇c(ue∇eud)− (∇cue)(∇eud)− ue∇e∇cud
= ∇cAd − ucAeueAd + ue∇e(ucAd)
= ∇cAd + ucue∇eAd +AdAc , (64)
where we have used Eq. (29) repeatedly. Hence, P ab2 in Eq. (56) can be
written in the form
P ab2 = −hachbd∇cAd −AaAb +AaAb +DbAa
= −DaAb +DbAa . (65)
Eq. (44) implies that DaAb is symmetric in a, b and thus
P ab2 = 0 . (66)
Therefore, Eq. (54) just gives the projection of Einstein’s equation into Σ
hachbdRcd −
1
2
Rhab = 8piphab (67)
This completes the proof of Theorem 1.
In the above proof, we used the Einstein constraint equation (35) to
derive Eq. (51). Then by applying δS = 0, we obtained the spatial com-
ponents of Einstein’s equation. It is not difficult to check that the proof is
reversible, i.e., From the projected Einstein’s equation (67), one can show
δL = 0 in Eq. (51), which makes the total entropy be an extremum. Thus,
we arrive at the following theorem:
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Theorem 2 Consider a perfect fluid in a static spacetime (M, gab) and
Σ is a three dimensional hypersurface denoting a moment of the static
observers. Let C be a region on Σ with a boundary C¯ and hab be the induced
metric on Σ. Assume that the temperature of the fluid obeys Tolman’s law
and Einstein’s equation is satisfied in C. Then the fluid is distributed such
that its total entropy in C is an extremum for fixed total particle number
and for all variations where hab and its first derivatives are fixed on C¯.
Note that the Einstein constraint equation usually refers to
Gabu
b = 8piTabu
b , (68)
while we only used its time component, i.e., Eq. (35), throughout the
paper. The remaining part of Eq. (68) reads
Gcbu
bhca = 8piTcbu
bhca . (69)
By Eq. (3), the right-hand side simply vanishes for perfect fluid. With
the help of Eqs. (58) and (29), one can show that the left-hand side of
Eq. (69) also vanishes. Thus, Eq. (69) is automatically satisfied in static
spacetimes.
4 Conclusions
We have rigorously proven the equivalence of the extrema of the entropy
and Einstein’s equation under a few natural and necessary conditions. The
significant improvement from previous works is that no spherical symmetry
or any other symmetry is needed on the spacelike hypersurface. Our work
suggests a clear connection between Einstein’s equation and the thermo-
dynamics of perfect fluid in static spacetimes.
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